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Adaptive Attitude Control and Momentum Management
for Large-Angle Spacecraft Maneuvers
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The fully coupled equations of motion are systematically linearized around an equilibrium point of a gravity
gradient stabilized spacecraft, controlled by momentum exchange devices. These equations are then used for
attitude control system design of an early Space Station Freedom flight configuration, demonstrating the errors
caused by the improper approximation of the spacecraft dynamics. A full state feedback controller, incorporat-
ing gain-scheduled adaptation of the attitude gains, is developed for use during spacecraft on-orbit assembly or
operations characterized by significant mass properties variations. The feasibility of the gain adaptation is
demonstrated via a Space Station Freedom assembly sequence case study. The attitude controller stability
robustness and transient performance during gain adaptation appear satisfactory.

Introduction

T HE desire to expand permanent human presence within
and beyond our solar system will probably necessitate the

design and deployment of larger, potentially more complex
spacecraft than any previously flown. During their anticipated
long lifetime these spacecraft will undergo significant configu-
ration changes resulting from initial and evolutionary on-orbit
assembly and from routine operations such as docking and
berthing of interplanetary transportation vehicles. A represen-
tative example of such a spacecraft, incorporating multiple
pay loads and potentially large space platforms, as well as re-
quiring on-orbit assembly, is the Space Station Freedom
(SSF). To a certain extent these changes will affect the space-
craft attitude controller, which must maintain stable operation
under these occasionally adverse conditions. Furthermore, in
the case of the SSF, stable operation must be achieved
only by using momentum exchange devices known as control-
moment gyroscopes (CMGs), while minimizing the use of the
reaction jets to conserve propellant.

A number of studies have presented the tradeoffs in select-
ing the various attitude control and momentum management
techniques appropriate for orbiting, permanently manned
space stations. A brief overview of these approaches is pre-
sented by Wie et al.1 Various techniques based on modern
control theory have been proposed, and their feasibility has
been demonstrated via simulations. Most studies, however,
have either been limited to spacecraft maneuvers with small-
attitude deviations from the local-vertical local-horizontal
(LVLH) coordinate system,1'2 or have only partially treated
attitude control and momentum management for large-angle
maneuvers.3'4 Initial observations of the potential problems
regarding the attitude control of evolving and possibly asym-
metric spacecraft configurations have been reported by
Holmes.5 Subsequently, independent studies have presented
potential solutions to the large-angle attitude control problem
of gravity gradient stabilized spacecraft.6'7
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Expanding on previously reported work,7 a general lin-
earized model for a gravity gradient stabilized spacecraft is
developed, which is valid around any estimated torque equi-
librium attitude (TEA) value. The developed model is used for
the design of a full-state feedback attitude controller for an
early flight configuration of the SSF. Such configurations with
significant products of inertias are anticipated early in the
assembly sequence and during some of the normal spacecraft
operations.8 Computer simulations demonstrate that, without
the use of a systematically developed linearized model, effec-
tive attitude control of asymmetric, gravity gradient stabilized
spacecraft configurations may not be feasible. Furthermore,
the use of this general linearized spacecraft model in the gain-
scheduled attitude control of evolving spacecraft configura-
tions is demonstrated. A simplified and open-loop form of
adaptive control, gain scheduling appears adequate for atti-
tude control and momentum management during significant
changes in mass properties, primarily because of the inherently
slow dynamics of the spacecraft configurations analyzed.

The nonlinear equations of motion for a single rigid-body,
CMG-controiled, gravity gradient stabilized spacecraft are
presented in the next section. The derivation of the linearized
equations of motion for a similar spacecraft, valid in the vicin-
ity of an estimated and possibly large-angle TEA value, is
given in the following section. The application of the devel-
oped general linearized equations of motion to the proposed
SSF attitude control and momentum management system ar-
chitecture is then presented. Computer simulation results using
an early SSF flight configuration attitude controller and the
proposed adaptive controller are included, followed by some
concluding remarks.

Rigid-Body Nonlinear Spacecraft Dynamics
Future spacecraft are anticipated to have lifetimes on the

order of 20-30 yr, while undergoing a number of evolutionary
stages. For example, the SSF is expected to operate in a circu-
lar orbit at an altitude of ~ 200 nm, with a period of ~ 95 min.
In reality, spacecraft such as the SSF represent flexible multi-
body systems subject to various external disturbances that may
not be accurately known. During their assembly sequence,
such spacecraft will typically undergo increasingly complex
modifications as a result of the attached solar panels, thermal
radiators, payloads, pressurized modules, etc. Hence, there
will be an increased interaction among the various structural
components and the spacecraft guidance, navigation, and con-
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trol system. To guarantee safe, reliable operation the space-
craft control system should be able to keep the attitude angle
excursions within some yet unspecified bounds while using
only the available control torque and without saturating the
control actuators (in the case of the SSF the CMGs). There-
fore, there is a need to systematically design attitude control
systems that will have a predictable, reliable operation.

Assuming single rigid-body motion, the nonlinear equations
of motion for a CMG-controiled, gravity gradient stabilized
spacecraft with body-fixed control axes can be expressed as
follows1'5:

The CMG dynamics are expressed in terms of the body-
axis components of the CMG momentum and the external
control torque «(/) commanded by the attitude control system
as follows:

o -co3(0 co2(0

0

co,(0 0

h(t) (8)

= rgyro(0 [w(t)-u(t)} (1)

where w(0 = [<*>i(0»w2(0»^3(0]r are the body-axis compo-
nents of the absolute angular velocity of the spacecraft, with
the subscripts 1, 2, and 3 representing the roll, pitch, and
yaw axes, respectively. The matrix / contains the moments of
inertia ///, / = 1,2,3, as well as the products of inertia //,,
i = 1,2,3 and j = 1,2,3, with / j*j. The first two terms on the
right-hand side of Eq. (1) represent the gyroscopic and gravity
gradient torques. The vectors w(t) = [w>i(0, w2(0» w3(0]T and

u(t) = [wi(0> u2(t), ws(01Trepresent the body-axis components
of the external disturbance torque and the control torque
resulting from the CMG momentum change, respectively.

The gyroscopic torque term is expressed in terms of the
absolute angular velocities as follows:

The general form of the external disturbance torque used in
this study is proposed in Refs. 1 and 5. That is,

w,(0 = (Bias), +Ai s'm(nt) + Bf sin(2/i/) (9)

where / = 1,2,3 for the roll, pitch, and yaw, respectively.

Derivation of the Linearized Equations of Motion
The equations of motion presented in the previous section

are highly nonlinear and are therefore not suitable for system-
atic control system design. To allow the use of linear control
system design techniques, some form of linearization must be
performed. Simplified forms of the nonlinear equations of
motion valid for spacecraft configurations undergoing small-
attitude deviations from LVLH with negligibly small products
of inertia have been successfully used for attitude control and
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The gravity gradient torque term is expressed in terms of the Euler angles with respect to LVLH:

0

= 3n2

where n is the orbital frequency, 0.001 1 rad/s for the SSF, and
where the components of the nadir vector c(t) are given by the
following expressions:
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respectively, with 0,(f), 02(0, and 03(0 representing the roll,
pitch, and yaw angles of the spacecraft.

The attitude kinematics expresses the relation between the
absolute angular velocities and the body-axis attitude rates
with respect to LVLH as follows:

(5)

momentum management.1'3 However, for configurations re-
sulting in large-angle TEA values, the applicability of this
approximation will be extremely limited.5 One approach in
resolving this problem would be the linearization of the equa-
tions of motion around an estimated TEA value, an equi-
librium point of the spacecraft, without decoupling the pitch
from the roll/yaw equations of motion. This is justified on the
basis that spacecraft exhibit large-angle TEA values because of
principal inertias with comparable magnitudes in two axes,
significant misalignment of the control axes with the princi-
pal axes, resulting from relatively large products of inertias,
large aerodynamic torques, or a combination of these factors.
Therefore, under such circumstances, assuming small-attitude
deviations from LVLH and neglecting the products of inertias
may result in high erroneous linearized models. Some space-
craft configurations, however, such as the SSF assembly com-
plete (AC), will render the proposed linearization unnecessary.
In these cases the derived equations, with the appropriate sim-

where

cos[03(0]

"cos [03(0] - cos [0t(0] sin[03(0] sin [0,(0] sin [03(0]"
0 cos[0,(0] -sin[0,(0]
0 sin [0^0] cos [03(0] cos [0,(0] cos [03(0]_

(6)

and

q = 0(0 =
WO

(7)

plifications, become identical to the linearized equations of
motion reported in the literature.1

Determination of the Torque Equilibrium Attitude
To perform linearization of Eqs. (1), (5), and (8) around an

equilibrium point, it is necessary to estimate the average TEA
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value for a given configuration over an orbit, after equilibrium
conditions have been reached. Assuming that the angles
(0*, 0*> 0*) represent the estimated TEA (or the average value
of the estimated TEA) value for a given configuration at
steady state, these angles can be calculated using the following
set of nonlinear algebraic equations:

tained:

Tgyro(w*) + Tgg(0*) + Bias* - 0 (10)

where <o* is the absolute angular velocity of the spacecraft
evaluated at 6*, using an estimate of the aerodynamic torque
vector, Bias*, and

/(0*)u* + q = 0 (11)

where the function /(0) and q are defined in the previous
section. The latter of these two systems of equations can be
used to solve for o>* in terms of 0* obtaining the following
relations:

- n sin(0*)
-n cos(0*) cos(0*)
n sin(0*) cos(03*)

(12)

Substitution of these expressions into Eq. (10) reveals a sys-
tem of three nonlinear algebraic equations with (0*, 0*, 0*)
unknown.

The magnitude of the aerodynamic torque [the bias in
Eq. (10)] and the inertia matrix / must be known a priori to
obtain an estimate of the TEA values by numerically solving
the aforementioned system of algebraic equations. In the liter-
ature the aerodynamic torque term has been dealt with either
by ignoring it during the TEA calculations6 or by obtaining its
estimate using aerodynamic models of varying complexity.4
It has been the experience of the authors that using only ap-
proximate aerodynamic torque values for estimating the TEA
does not significantly affect the spacecraft attitude transient
performance. This fact has been independently reported in the
literature by other researchers.6 Nevertheless, a reasonable es-
timate for the aerodynamic torque has been shown to improve
the transient spacecraft attitude.4 Throughout this study, it is
assumed that an estimate for the aerodynamic torque is avail-
able for use in the TEA calculations.

As previously mentioned, in addition to the aerodynamic
term in Eq. (10), an estimate for the inertia matrix must also
be available for obtaining TEA value estimates. For evolving
spacecraft configurations, such as the ones investigated in this
study, this may not be an easy task requiring on-orbit dynamic
state estimation techniques. Preliminary results with a recently
developed method have demonstrated that nonlinear state esti-
mation techniques can be utilized to perform on-orbit mass
properties estimation.9 Therefore, in the rest of this study
the availability of some on-orbit mass properties estimation
tool will also be assumed. Furthermore, it should be noted
that the TEA equations form a set of nonlinear algebraic equa-
tions, with possibly multiple equilibrium points. For a fixed
pair of inertia matrix and aerodynamic torque, there are
24 spacecraft orientations that result in dynamic equilibrium.10

In this study the TEA equations are solved using a nonlin-
ear algebraic equation solver,11 which requires an initial
guess for the TEA values. By restricting this initial guess in
the [-45 deg, +45 deg] range, a unique equilibrium point is
secured. Indeed, for the spacecraft configurations of interest
in this study, the TEA values are contained in this range.12

Linearization of the Attitude Kinematics
The attitude kinematics, expressed by Eq. (5), can be lin-

earized around (0*,co*), and the following form can be ob-

0
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(13)

where, for / = 1, 2, 3,

= 0/(0 - 0f (14)

(15)

represent the perturbations of the attitude angles and abso-
lute angular velocities from the estimated TEA and from
the angular velocities corresponding to the estimated TEA,
respectively.

Linearization of the Gyroscopic Torque
The gyroscopic torque term, given by Eq. (2), can be lin-

earized as follows:

drg

dco2 OC03

where each of the partial derivatives in the preceding equation,
evaluated at 0(0 = 0*, depends on the elements of the inertia
matrix / and the estimated TEA vector 0*. The elements of
the vectors containing the partial derivatives of the gyroscopic
torque with respect to the angular velocities are given in
Appendix A.

Linearization of the Gravity Gradient Torque
The gravity gradient torque term, given by Eq. (3), can be

linearized as follows:

(17)

where each of the partial derivatives in the preceding equation,
evaluated at 0(f) = 0*» depends on the elements of 7 and 0*.
The elements of the vectors containing the partial derivatives
of the gravity gradient torque with respect to the attitude an-
gles are given in Appendix B.

Linearized System Equations
The preceding equations can now be assembled to form the

overall linearized dynamics for the rigid-body motion of a
gravity gradient stabilized spacecraft, in the vicinity of an
estimated TEA vector 0*.

Orbital Dynamic/Kinematic Equations
The following three-dimensional vector definitions are in-

troduced for the partial derivative terms of the external
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torques to simplify the mathematical form of the final equations:

/ _ v • gyro
7'gyro- ~ _

1021

(18)

d6i
(19)

Each of the components of the preceding vectors corresponds to the roll, pitch, and yaw components of the external torques.
Following the standard formulation used in Refs. 1, 3, 5, and 13, the following state vector is defined for the orbital dynamics and
the kinematics, to be used for control system design purposes:

(20)

To eliminate bu2(t) and substitute 02(0 in the system equations, the kinematic relation for 02(t) is substituted in the orbital
dynamics. The overall linearized orbital dynamics/kinematics then take the following form:

(21)£,*!(/) = Alxl(t) + Biii(0 + B2w(t)

where Xi(t) is given by Eq. (20), and the matrices Elt Al9 B{, and B2 are as follows:
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Control Moment Gyroscope Dynamic Equations
In addition to the aforementioned linearizations, the CMG dynamics can also be linearized as follows:

= u(t)- 0

cot

col

-cot (25)

where the vector h(t) represents the deviations of the CMG momentum from the nominal values at the estimated TEA and the
vector co* is given by Eq. (12) also in terms of the estimated TEA. Because both the CMG momentum and its integral will be used
in the feedback controller, the following state vector is defined for the CMGs:

r r f r ir
xt(t) = MO,h 2 ( t ) ,h } ( t ) , A,(/), A2(f), A,(0

L J J J J
(26)

Then the standard state-space form for the CMG dynamics becomes

(27)
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(28)

where x2(t) is given by Eq. (26) and the matrix A2 is given as follows:

0 n sin(0f) cos(03*) n cos(0f) cos(03*) 0 0 0
-n sin(0f) cos(03*) 0 -n sin(03*) 0 0 0
n cos(0f) cos(03*) n sin(0?) 0 0 0 0

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

Disturbance Rejection Filter Equations
Because the frequencies of the external disturbances are known, the following disturbance rejection filters (DRFs) can be used

in the controller design for asymptotic disturbance rejection1:

(29)

(30)

(31)

(32)

(33)

(34)

where a / ( f ) and £ / ( f ) are the filter states with arbitrary initial conditions. It is worth mentioning that the aforementioned filters
are only for attitude hold. If momentum hold is desired, then a separate set of DRFs should be designed with inputs hi(t), h2(t),
and /z3(0- The reasons for not using Bi(t) in the DRFs are given in Ref. 1. The preceding equations can be expressed in the following
state-space form:

ct2(t) + n2ot2(t) = d02(t)

«3(0 + "

i3(0 = -45*2(0

where x3(t) is given by

(35)

(36)

and where the matrices A3, A4, and A5 are as follows:
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(37)

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 1

(38)

1 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

(39)
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The system of Eqs. (21), (27), and (35) can now be trans-
formed into the following state-space form:

x(t) = Ax(t) + Bu(t) + Gw(t)

where the 24th-order state vector is

*i(f)~
*2(0

(40)

(41)

and the system matrices A (24 x 24), B (24 x 3), and G (24 x 3)
are

A = 0
A4

0 0
A2 0
A5 A3

B = B2

0

rl

0

0

(42)

(43)

(44)

where the rest of the submatrices are previously defined and
are dependent on the specific value of 0*. By setting 0f=0
for / = 1,2,3 in Eq. (40), the equations of motion appropriate
for small-attitude deviations from LVLH are obtained. Fur-
thermore, by setting //, =0, for i^j, in the same equation,
the roll/yaw and pitch decoupled equations of motion are
obtained. If the aforementioned two approximations are
made, then the equations presented in this study are consistent
with the corresponding equations of motion reported in the
literature.1'3

Design of an Attitude Control and Momentum
Management System for Space Station Freedom

In previous sections the general equations of motion for a
spacecraft [Eq. (1)], along with the kinematics and the equa-
tions for the CMGs [Eqs. (2) and (3), respectively] have been
linearized around an estimated TEA value. In this section this
general linear dynamic system formulation will be used to
arrive at point controller designs, as well as design of an atti-
tude control system with variable gains, functions of the space-
craft TEA value estimate, for various SSF flight configura-
tions. It is instructive, however, to elaborate on the reasons for
choosing a systematically linearized spacecraft model for the
calculation of the point gains. This study addresses a potential
control system architecture for a space station with evolving
configurations, resulting from on-orbit assembly, human pres-
ence, docking, or berthing of a space shuttle and/or other
interplanetary transportation vehicles. For a number of rea-
sons, such as the need for continuous communications capa-
bility and proper reaction jet firing, it is desirable that the
orbiting spacecraft attains and maintains LVLH attitude.
However, during its planned evolutionary path or during an-
ticipated and unanticipated scenarios, spacecraft configura-
tions with large-angle TEA values may result. Such configura-
tions are characterized by large roll, and/or pitch, and/or yaw
angle TEA values, resulting from a combination of compara-
ble principal inertia magnitudes in two axes, increasingly sig-
nificant contributions from the products of inertias, compared
to the principal inertias, and large aerodynamic torques. Un-
der such circumstances it is still desirable to maintain system

stability around an equilibrium point, the spacecraft TEA,
while holding the spacecraft attitude or momentum steady.

The choice of an appropriately linearized model for attitude
controller design of spacecraft configurations with large-angle
TEA values appears critical. As the simulation results of this
study demonstrate, a simple visual inspection of the relative
magnitudes of the products of inertias with respect to the
principle inertias may not be sufficient to warrant their elimi-
nation. The ultimate test involves obtaining estimates for the
TEA values and checking for compliance with the assumption
of small-attitude deviations from LVLH. Typically, TEA val-
ues less than ±15 deg would justify use of simplified models,
based on the assumption of small-attitude deviations from
LVLH. Furthermore, small-angle TEA values would indicate
near-alignment of the control axes with the principal axes,
justifying elimination of the products of inertias. As previ-
ously mentioned, however, large-angle TEA values could re-
sult for a number of reasons. Therefore, in addition to proper
linearization, retention of the products of inertias may be nec-
essary. Furthermore, it is highly unlikely to guarantee that the
conditions for small-attitude deviations from LVLH will be
satisfied for all possible configurations at the controller design
stage. This indicates the possible need for on-orbit mass prop-
erties estimation as the means for obtaining TEA value esti-
mates, which in turn could be used for scheduling the attitude
controller gains. Therefore, it is desirable to have linearized
mathematical models that accurately approximate the non-
linear dynamics of any spacecraft configuration for control
system design purposes, should this become necessary.

The dynamic system described by Eq. (40) is used to design
an attitude control system. The disturbance rejection filters
proposed in Ref. 1 are used to accomplish either attitude or
momentum hold, depending on the desired mode of operation.
As mentioned earlier, however, only attitude hold is examined
in this study. The results presented in this paper are equally
applicable to the momentum hold mode, since the only change
occurs in the input variables to the DRFs.

Control System Architecture
The overall architecture of the proposed control system is

shown in Fig. 1. The controller is composed of two gain-sched-
uled control laws: one for attitude control and momentum
management and the other for rejection of the environmental
disturbances. Both control laws are scheduled using the esti-
mated average TEA value as the scheduling variable. The input
signals to the controller are the attitude and attitude rates, the
CMG momentum and the momentum buildup (i.e., the mo-
mentum integral), and an estimate for the average TEA value
calculated using available estimates for mass properties and
aerodynamic torques. The input to the DRFs consists of
the attitude and momentum vectors and the TEA estimate.
Because at most three independent variables can be simul-
taneously controlled, either the vector [hl(t),502(t),d03(t)]
or the vector [hi(t), H2(t), h3(t)] is used as input to the DRFs,

Fig. 1 Attitude control and momentum management system archi-
tecture.



1024 PARLOS AND SUNKEL: LARGE-ANGLE SPACECRAFT MANEUVER

depending on the desired operating mode of the control
system.

The use of the TEA estimates in the control law is necessary
because of the inadequacy of the linear control system design
tools to account for the controller gain variations with chang-
ing inertia matrix elements. The static calculations involved in
obtaining the TEA estimates could be performed off-line, with
table lookups used during on-orbit operations. As mentioned,
however, this assumes the availability of a separate module
providing tabulated or dynamically estimated mass properties
and aerodynamic model information. A saturation element is
included as part of the simulated closed-loop system, because
of the possible differences in the commanded and actual con-
trol signal that could be caused by a large control torque
command. For the SSF design with six CMGs, control torque
saturation occurs at 150 lbf, whereas CMG saturation occurs
at 20,000 ft-lbrs.

The attitude control and momentum management law used
in this study is as follows:

ii(0= -K(6*)x(t) (45)

where the state vector x(t) is given by Eq. (41) and the 3 x 24
gain matrices K are determined for various estimated TEA
values, using the LQR algorithm described in the following
section.

LQR Design with Pole Placement
Because the full state considered in Eq. (41) is available for

measurement and because a minimal complexity control law is
desired, the LQR is appropriate for use in obtaining the con-
stant gains of the proposed control system. The various linear
designs are performed using the dynamic system described by
Eq. (40), with the elements of the system matrices evaluated at
specific TEA values, corresponding to various assumed con-
figurations of the SSF.

Assuming the state-space form of Eq. (40) with an n -dimen-
sional state vector, an m -dimensional input vector and without
the external disturbance term, the LQR problem can be stated
as the minimization of the following functional:

J= + uT(t)Ru(t)]dt (46)

where the weight matrices Q and R are (n x n )-dimensional
non-negative definite and (m x m )-dimensional positive-defi-
nite symmetric matrices, respectively. The full-state feedback
control law that minimizes the preceding functional is given by

u(t)= -Kx(t) = -R~lBTPx(t) (47)

where K is the feedback gain matrix and P, an (n x /i)-dimen-
sional non-negative-definite symmetric matrix, is the solution
of the following Riccati equation:

PER 1BTP -PA -ATP -Q =0 (48)

where the pair (Q,A) is assumed detectable.
It is usual practice to choose the matrices Q and R by trial-

and-error iteration, resulting in a certain gain matrix K and the
associated stable closed-loop poles. However, these closed-
loop pole locations, although in the left-half plane, may or
may not be desirable. The problem of selecting the matrices Q
and R so that the resulting closed-loop pole locations fall in a
desired sector has been widely investigated. This is the so-
called LQR problem with pole placement, and it has most
recently been addressed by Sunkel and Shieh.13 Throughout
this study the LQR with pole placement suggested in Ref. 13
has been used with some modifications in the solution ap-
proach of the Riccati equation. The algorithm proposed by
Sunkel and Shieh13 allows the choice of the weight matrix R

and the desired sector within which the closed-loop poles are
to be located. The feedback gain matrix K and the weight
matrix Q, which place the closed-loop poles in the chosen
sector, are then determined.

One of the numerical issues encountered in using the LQR
problem for the SSF with large-angle TEA values is the solu-
tion of the associated Riccati equation. Because the order of
the Riccati equation to be solved in this study is fairly high—
the closed-loop system is 24th order, whereas the Hamiltonian
formed is 48th order—use of the algorithms existing in the
various control system design packages resulted in very inaccu-
rate solutions. Therefore, the Riccati equation involved in the
LQR with pole placement algorithm was solved using the
matrix sign function,13 with the following expression used for
its evaluation:

sigm>l)= \imS(k) (49)

where S (k) is determined using the following recursive expres-
sion:

S(k + 1) = S(k) [51 + \k)] [l + lOS(fc) + 554(A:)] - 1

(50)

Gain Scheduling of the Linear Gains
Gain scheduling allows nonlinear control system implemen-

tation of linear control laws, which have been designed using
any linear design method. A gain-scheduled control law is an
open-loop adaptive control system.14 Even though feedback
control is used, the adaptation is open loop and the system
performance may suffer. A continuous gain-scheduled control
system is designed by simply fitting the various gain matrices
obtained from the LQR with pole placement algorithm to a
certain nonlinear function.

In view of the linearized system model of Eq. (40), the lin-
ear control law obtained by repeated application of the LQR
algorithm is

(51)

where / = 1,2,... is the number of point control systems result-
ing from the application of the LQR with the pole placement
algorithm.

As a result of the nonlinearities involved in the gain sched-
uled controller, and because of the open-loop nature of the
adaptation, there is no systematic procedure to determine its
performance and stability characteristics, other than to ex-
haustively simulate the system for a variety of scenarios and
for a sufficiently large number of orbits. Additionally, the
stability robustness properties of the controller can only be
investigated via numerical simulations. The results of these
studies are presented in the following section.

Simulation Results
The primary purpose of this section is to present some nu-

merical simulations to substantiate the following two claims:
1) Certain spacecraft flight configurations exhibit large-

angle TEA values in one or more of their three axes. For such
configurations, special attention is required when selecting a
linearized model for attitude control system design.

2) Because of the slowly varying nature of the SSF dynam-
ics, a gain-scheduled control system provides "satisfactory"
closed-loop performance, even for fairly large variations in
the SSF inertia matrix. This results in less complex control
laws compared to alternate adaptive schemes requiring on-
line identification. The overall system performance, however,
may suffer if the uncertainty in the inertia matrix estimates is
significant.
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All of the simulations presented in this section have been
performed using the nonlinear simulation model of the SSF
presented in prior sections of this paper. Initial conditions for
all simulations were set at 1 deg for the attitude angles and
0.001 deg for the attitude rates. The rest of the states were
initially assumed to be 0. Some of the simulations were also
repeated with different (larger) initial attitude angles and rates,
revealing similar results. No sensitivity of the reported results
to initial conditions has been observed. Numerical values for
the various controller gains and for the polynomial fits used in
the gain scheduling can be found in Ref. 15 and are neglected
in this paper for brevity.

To demonstrate the first of the two aforementioned claims,
the assembly flight 3 (MB3) configuration is utilized. The MB3
corresponds to an early SSF configuration, with large pitch
angle TEA value, as shown in Table 1. Nevertheless, the MB3
roll and yaw angle TEA values are negligible. It would have
been possible to design an attitude control system using a
spacecraft model that was linearized around an estimated pitch
angle TEA, but with the roll/yaw axes linearized assuming
small-attitude deviations from LVLH. However, this would
have required evaluation of estimates for the TEA values of
MB3, indicating that only the pitch angle TEA value is large.
Alternatively, for MB3 one could argue that the I\2 and 123
components of the inertia matrix are small compared to 713
and can therefore be neglected. Unfortunately, this argument
cannot universally be applied, because spacecraft configura-

Table 1 Space station configuration parameters

Parameters MB3 AC
Inertia, slug-ft2

In
722

733
1 12
/n
723

TEA, deg
0*
0*
0*

23.22X106

1.30X106

23.23 xlO6

0.023 xlO 6

0.477 XlO 6

0.011 XlO 6

1.3
-44.7

2.1

50.28 XlO 6

10.80 X lO 6

58.57 X l O 6

-0.39X106

0.16X106

0.16X106

0.19
-5.0

0.56
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figuration.

tions with large-angle TEA values may have relatively large
products of inertias that are on the same order of magnitude.

The LQR synthesis with pole placement algorithm is used to
design two controllers for the MBS configuration. The closed-
loop poles are placed in the left-half plane within the bound-
aries drawn by the two 45-deg lines and the -0.5« vertical
line, because it has been the experience of the authors that
containing the closed-loop poles in this region results in rela-
tively "good" system performance. The first controller (con-
troller I) was designed using a linear control system based on
the fully coupled roll/pitch/yaw equations of motion as de-
scribed by Eq. (40), using an estimate for the TEA values. The
second controller (controller II) was designed using a lin-
earized spacecraft model that includes an estimate for the TEA
value but ignores the products of inertia terms. Therefore, the
second set of simulations utilized a linear control system de-
signed using the model described by Eq. (40), with only the
products of inertia terms set to zero; i.e., the assumption of
small-attitude deviations from LVLH was not made. Both
controllers were simulated using the same initial conditions
and environmental disturbance terms. It is unnecessary to
mention that both controllers resulted in stable closed-loop
systems, when simulated with the linear spacecraft models
used in the controller synthesis steps. Furthermore, a third
controller was designed using a model similar to the one used
to design controller II, with the additional assumption of
small-attitude deviations from LVLH. The results for this con-
troller were similar to those obtained using controller II; thus,
they are not presented here.

Some of the simulation results for these two controllers are
shown in Figs. 2 and 3. Figure 2 depicts the pitch and yaw
angles, whereas Fig. 3 depicts the roll CMC momentum and
the yaw control torque for the MB3 configuration, when the
two aforementioned controllers are utilized. These studies
clearly demonstrate the error introduced when the products of
inertias of certain flight configurations are arbitrarily dis-
carded. The transient response of the closed-loop system be-
comes unstable within less than one-tenth of an orbit unless
the products of inertias are used in the control synthesis. The
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assembly sequence.

instability caused by controller II can be attributed to the large
pitch angle TEA, resulting from the relatively large products
of inertia (especially /B for the MBS), and to a lesser degree
from the difference (In - 733) and the aerodynamic torque. The
control system design for such flight configurations requires
the use of linearized models that are valid around estimated
TEA values, because linear models based on small-attitude
deviations from LVLH do not adequately describe the non-
linear spacecraft behavior. Furthermore, the products of iner-
tias must be retained to account for the full three-axis cou-
pling. It is worth noting that further tuning of the closed-loop
pole locations for controller I could perhaps improve its tran-
sient response, resulting in smaller-attitude excursions. How-
ever, such design improvements are beyond the scope of this
study. Additionally, numerical robustness studies have re-
vealed that the closed-loop system with controller I remains
stable for up to ± 30% variations in the SSF inertia matrix, as
previously reported in the literature.1

Demonstration of the second claim proved to be more time
consuming and computationally more intensive. To arrive at a
gain-scheduled controller, seven linear designs were performed
using the LQR with pole placement, for various SSF configu-
rations with TEA values ranging up to -45 deg, as shown in
Table 1. Contrary to the MB3 configuration, the AC repre-
sents a highly symmetric spacecraft with small-angle TEA val-
ues. The seven SSF configurations used in the controller gain
scheduling have inertia matrices with elements that are signifi-
cantly different. Specifically, as observed from Table 1, which
depicts the first and seventh configurations used, the inertia
matrix element that exhibits the most change is 712 (approx-
imately a 1600% difference between the MBS and AC con-
figurations). First- and second-order polynomials were used in
this study to schedule the elements of the gain matrices result-
ing from the point controller designs. Furthermore, the magni-
tudes of the disturbance vector components were allowed to
vary, reflecting the changes in the SSF configurations, whereas
the frequencies of the cyclic components were assumed to be
constant. Because of the presence of the DRFs in the controller
architecture, the effects of changing the cyclic component
magnitudes of the disturbance vector on the control system
performance are insignificant. However, the same cannot be

0 20

a) Pitch axis response
40 60 80
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100 120

c/i
I

.0

20 40 60 80

Time (Orbits)
100 120

b) Yaw axis response
Fig. 5 Pitch control torque and yaw CMC momentum during the
compressed schedule assembly sequence.

said about the magnitude of the bias term, because it impacts
the TEA values.

The gain-scheduled closed-loop dynamics were simulated
for 130 orbits while the inertia matrix, corresponding to 26
different SSF configurations,12 was allowed to change stepwise
every four orbits simulating transition from one flight config-
uration to another. This scenario indeed imposes very fast,
frequent changes in the inertia matrix. However, because of
computational considerations the on-orbit assembly schedule
has been compressed. Slower, less frequent variations in the
inertia matrix should result in improved controller transient
response. Some of the results from this set of simulations are
presented in Figs. 4 and 5. Figure 4 depicts the SSF roll and
pitch angle transient responses during the aforementioned
compressed schedule assembly sequence using the gain-sched-
uled controller, whereas Fig. 5 depicts the pitch control torque
and yaw CMG momentum for the same scenario. These tran-
sient responses indicate that a gain-scheduled controller,
whether it is in table lookup form or a continuous polynomial,
is sufficient for handling large changes in the SSF inertia ma-
trix, including configurations that are characterized by large-
angle TEA values. This is primarily attributed to the slowly
varying dynamics of the SSF, with characteristic time con-
stants on the order of tens of minutes.

Conclusions
A systematic derivation of the linearized dynamics of a grav-

ity gradient stabilized spacecraft around an estimated TEA is
presented. The need for using a three-axis coupled spacecraft
model in the development of attitude control laws for large-
angle maneuvers is demonstrated via the case study of a SSF
early flight configuration. Failure to use a properly approxi-
mated model that adequately describes the nonlinear space-
craft behavior during large-angle maneuvers results in attitude
instabilities, detectable only by nonlinear simulations. Fur-
thermore, a gain-scheduled adaptive controller based on full-
state feedback is proposed for attitude control of spacecraft
undergoing mass properties variations. The feasibility of this
controller is demonstrated via the case study of a compressed
assembly sequence schedule for the Space Station Freedom.
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Appendix A: Derivatives of the Gyroscopic Torque
The partial derivatives of the gyroscopic torque term, with respect to the absolute angular velocity of the spacecraft, are given

by the following expressions:

= —n

= -n

= —n

-I12 sin(0f) cos(0?)-/13 cos(0?) cos(03*)
2/13 sin(03*) + /23 cos(0f) cos(03*) + (/n -733) sin(0f) cos(03*)

_723 sin(0f) cos(03*) - 2712 sin(03*) + (7n - 722) cos(0f) cos(03*)

- 2/23 cos(0f) cos(03*) - 713 sin(03*) + (733 - 722) sin(0f) cos(03*)
712 sin(0f) cos(03*) + /23 sin(03*)

2712 cos(0f) cos(03*)-/i3 sin(0f) cos(03*) + (7n -722) sin(03*)

712 sin(03*) - 2723 sin(0f) cos(03*) + (722 - 733) cos(0f) cos(03*) "
- 712 cos(0?) cos(03*) + 2713 sin(0f) cos(03*) + (733 - 7n) sin(03*)

713 cos(0f) cos(03*) - 723 sin(03*)

(Al)

(A2)

(A3)

Appendix B: Derivatives of the Gravity Gradient Torque
The partial derivatives of the gravity gradient torque term, with respect to the spacecraft attitude angles, are given by the

following expressions:

(Bl)

-2

do3

(I22-I33)(A1A3-B1B3)-I12(A3C1-B1C3)-2I23(A3B1+A1B3)-I13(B3C{+A1C3)

(B2)

(B3)

where

AI = cos(0f) sin(0J) sin(03*) + si

B} = sin(0f) sin(0J) sin(03*) - cos(0f)

C, = sin(02*) cos(0f)

A 2 = sin(0f ) cos(0 J) sin(03*) + cos(0f ) sin(02*)

B2 = - cos(0f ) cos(02*) sin(03*) + sin(0f ) sin(02*)

C2 = cos(02*) cos(03*)

A3 = 5/w(0f) sin(02*) cos(03*)

B3 = - cos(0f ) sin(0|) cos(03*)

C3= -sin(02*) si

(B4)

(B5)

(B6)

(B7)

(B8)

(B9)

(BIO)

(Bl 1)

(B12)
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